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A theoretical and numerical study of gravity driven coating flow on cylinder and
sphere: two-dimensional and axisymmetric capillary waves
Shuo Hou
1, a)
School of Aeronautic Science and Engineering, Beihang University, Beijing,
China
The theoretical and numerical models for gravity driven coating flow on upper cylin-
der and sphere are formulated. Using a perturbation method, the governing equations
which depend on one Bond number Bo are derived for a liquid film flow down the out-
side of a horizontal cylinder and a sphere. They can be simplified to one-dimensional
form due to the symmetries. The general structure of the two-dimensional and ax-
isymmetric capillary waves under high Bo condition is focused on. An asymptotic
theory is used to solve for the free-surface profiles in the outer and inner region, re-
spectively. Even though the evolution in the outer region is essentially different, there
are inherent similarities in the inner region because the capillary ridges are proved to
degenerate into the one-parameter family in high Bo limit. Using appropriate numer-
ical techniques, some parametric studies are performed on the profiles of the capillary
waves. The spreading of the front recorded from the outer solutions quantitatively
accords with the scaling laws in a top region at early time, but deviates obviously
at later time. The comparison between the composite solutions constructed using
the asymptotic theory and direct solutions calculated from the evolution equations
is highlighted via both the global and local features. Agreement between the com-
posite solutions and the direct solutions is good for high Bo cases. This asymptotic
behavior is common on both of cylindrical and spherical surfaces and not affected by
the partial wetting process.
a)Electronic mail: hs180934@163.com.
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I. INTRODUCTION
In physicochemical hydrodynamics, the coating flow is a fluid flow in which a large solid
surface area is covered with one or more thin liquid layers1. Examples of scientific and
technical importance range from small scales2 (coating processes in manufacturing) to large
scales3 (lava flow on volcanoes). The fluid flow is always coupled with some surface physic-
ochemical processes such as wetting and spreading4. Even though the aim is often to study
the way in which an extra quantity of liquid moves on an already wet wall, many of the
coating flow problems contain the evolution of a moving contact line. The macroscopic
hydrodynamic model breaks down at the contact line as the traditional no-slip condition
causes a stress singularity. The no-slip condition can be relaxed by allowing slip in the
vicinity of the contact line5,6 or introducing a thin precursor film7 on the solid substrate.
These two approaches for dynamic contact line give rise to many coating flow researches in
last two decades8. Most of the researches focused on gravity9,10 or thermally11 driven flow
of a thin liquid film spreading on a solid surface. The region near the moving contact line
is dominated by the surface tension effect. A capillary ridge is typically observed in this
region, and the spreading rate of the moving front is determined by the propagation speed
of this nonlinear traveling wave. Moreover, the capillary wave is unstable to the transverse
disturbances, and subsequent evolution may give rise into a fascinating phenomenon of a
fingering instability12, which depends on the free-surface profile at the onset of the destabi-
lization. The capillary wave can be considered as a base state for the subsequent fingering.
For this significance, it is important to study the quantitative capillary wave profile for
understanding many features of film spreading and wetting.
For gravity driven coating flow, if the liquid film has high viscosity, the flow becomes
low Reynolds number, and the inertia effect can be negligible where gravity, viscous force
and surface tension dominate. A lubrication theory is widely used to model viscous flow
and simplify the hydrodynamic equations8. Numerous theoretical, experimental and numer-
ical studies have examined the dynamics of gravity driven viscous films down an inclined
plane13,14. In these canonical problems, the profiles of capillary waves were well studied
by analytical and high-resolution numerical methods in the framework of the lubrication
theory. Subsequent researches were paying attention to film flow over more complex topog-
raphy, such as flow down the outside of a horizontal15,16 or vertical17,18 cylinder. But most
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of these studies are based on numerical simulation, and the limited computational exam-
ples can not describe the commonality within these phenomena. Moreover, because of the
multi-scale features in coating flow, developing an appropriate numerical method with small
discretization errors is a challenging process. There are also some papers to give theoretical
perspectives for coating flow on a general curved face19–21. These studies put more emphasis
on the mathematical formulation of governing equations in a general orthogonal curvilinear
coordinate system. The lack of solution on specific surfaces makes these theories rather
abstract, they would benefit from specific applications. One of the motivations in our study
is to use the ideas of mathematical modeling behind these papers to solve more specific cases
and find some similarities behind the phenomena.
If the fingering instability is not considered, one of the difficulties to theoretically de-
scribe the gravity driven capillary wave on curved surface is that the contact line may be
a three-dimensional curve due to the non-symmetry of a general solid substrate, which is
intractable compared to the straight contact line on inclined plane. Even so, there are
typical symmetric geometries which are more common in nature. For example, cylindrical
and spherical surfaces are the representatives with high symmetry and constant curvature.
They can be considered as curved surfaces generated by translating or rotating a circle in
three-dimensional space. These two similar curved surfaces can be considered as a class of
problem and used as a starting point for more general study. The tangential component of
the gravity varies as a sinusoidal function on both of the cylinder and sphere, due to the
same base curve - a circle for these two geometries, which is much different from the constant
gravity component on inclined plane. Moreover, the curvature on cylindrical or spherical
surface may affect the expression of the surface tension, which may make the free-surface
profile essentially different from the planar problem. Some experiments concerning the flow
and stability of thin films down the outside of a cylindrical and a spherical substrate had
been examined by Takagi and Huppert 22 recently. They also presented an analytical study
of viscous current at the top of cylinder and sphere. But the theory is based on conditions
that the film is constrained near the top where the streamwise gravity is approximated to
increase linearly, and the surface tension is neglected everywhere for simplification. The
main motivation in our study is to explain these phenomena from a more deductive per-
spective. We will derive the governing equations to model the leading order physics of the
coating flow down the outside of a horizontal cylinder and a sphere. A regular perturbation
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method is used to expand the hydrodynamic equations and to obtain the leading order terms
which is more tractable. If we assume that the initial film is located symmetrically at the
top of the cylinder or sphere, the capillary wave formed later may become two-dimensional
(for cylinder) or axisymmetric (for sphere) which makes the governing equation simplified
further. It is well known that Rayleigh-Taylor instability may occur if the high-dense fluid is
located above less-dense fluid. We do not consider moving contact line on the lower cylinder
or hemisphere in this paper to avoid mixing two kinds of instabilities. The basic problems
of coating flow may arise under two types of constraint conditions: constant volume or con-
stant flux. This study focuses on the dynamics of coating flow which is formed by liquid
of constant volume. We assume that the capillary wave is not to be destabilized by any
disturbance, namely that, the fingering instability will never occur so that we can study
long-term evolution of an unstable capillary wave, even though it may be difficult to realize
in a laboratorial environment.
We will focus on the situations that a thin film flows down the large sized curved substrate.
In this situation there is a small parameter in the evolution equation which makes the
mathematics become a singular perturbation problem. Like the planar problem, the capillary
wave on cylindrical or spherical surface always consists of three regions, each with its own
characteristic scaling. In the outer region where the free surface curvature is small, the body
force that drives the liquid is resisted by the viscous force, and the surface tension plays a
negligible role. In the inner region local to the moving front, where the free surface curvature
is large, the surface tension is balanced with body and viscous force, and a capillary ridge
always evolves. A third contact region exists at the advancing contact line, where the no-slip
condition is no longer valid. In this paper, the general structures in both the outer and inner
regions are studied. A method of matched asymptotic expansions can be used to match the
outer profile and inner profile, which constitute a complete capillary wave. We will show
that, the capillary waves on cylindrical and spherical surfaces are closely related to that on
inclined plane, but still have their own characteristics.
The outline of this paper is as follows. In II, the theoretical formulation is developed by
two scalar Partial Differential Equations (PDE) that govern the coating flow of thin liquid
films on cylindrical and spherical surfaces. Due to the symmetrically distributed initial con-
ditions, the governing equation can be simplified to a two-dimensional form for cylindrical
problem or an axisymmetric form for spherical problem. We use the precursor film con-
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dition with a compatible disjoining pressure model to simulate the partial wetting process
near moving contact line. In III, an asymptotic theory is elaborated to deal with the sin-
gular perturbation problem of high Bond number flow. In IV, the solution techniques for
numerically solving the outer and inner equations introduced by the asymptotic theory and
the complete evolution equations are discussed. In V, the numerical solutions of the outer
equations, inner equations and the evolution equations are presented. We discuss the com-
parisons between the asymptotic theory and direct numerical solutions. The individuality
and commonality in the two-dimensional and axisymmetric capillary waves are highlighted.
Section VI summarizes the conclusions of the present work.
II. THEORETICAL FORMULATION
A. Governing equation on cylindrical surface
An incompressible Newtonian liquid film of density ρ, viscosity µ and surface tension σ,
flows under gravity on a stationary rigid cylinder of radius R, the axis of the cylinder is
horizontal. The standard cylindrical coordinates of azimuthal angle θ and axial length z are
established on the cylindrical surface. The normal distance n = r−R is defined as the third
coordinate of the complete coordinate system, where r is radial distance. The diagram of
standard cylindrical coordinates and liquid film are sketched in Fig. 1(a), and note that the
azimuthal angle θ measured downward from the top of the cylinder. The following scales
are used to nondimensionalize the hydrodynamic equations in cylindrical coordinate system
u = Uu∗ =
ρgH2
µ
u∗, v = Uv∗, w = ǫUw∗ (1a)
n = Hn∗, R = LR∗, t =
L
U
t∗ =
µL
ρgH2
t∗, p = Pp∗ =
µUL
H2
p∗ (1b)
z = Lz∗ (1c)
where (u, v, w) are azimuthal, axial and radial components of the fluid velocity, g is gravity
acceleration, t is time and p is pressure, the variables with asterisk represent dimensionless.
L and H denote length and thickness scales of the liquid film, respectively, and ǫ = H/L is
aspect ratio. The values of velocity scale U and pressure scale P are standard Stokes scales
when gravity and pressure terms on the right side of hydrodynamic equations are supposed
to be in equilibrium with the viscous term.
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FIG. 1. Sketch of thin liquid film spreading on upper (a) cylinder and (b) sphere.
A regular perturbation method is used to simplify the three-dimensional hydrodynamic
equations when the aspect ratio, ǫ, and reduced Reynolds number, ǫ2Re(Re = ρUL/µ), are
both sufficiently small. This “long wave” assumption is similar to a lubrication theory for
coating flow on inclined plane, and the main difference is that the kind of solid substrate
is extended to a curved surface. By substituting (1a), (1b) and (1c) into hydrodynamic
equations, the simplified Stokes equations and continuity equation on cylindrical surface
can be derived after some algebraic manipulations
µ
∂2u
∂n2
=
1
R
∂p
∂θ
− ρg sin θ +O(ǫ, ǫ2Re) (2a)
µ
∂2v
∂n2
=
∂p
∂z
+O(ǫ, ǫ2Re) (2b)
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∂p
∂n
= O(ǫ, ǫ3Re) (2c)
1
R
∂u
∂θ
+
∂v
∂z
+
∂w
∂n
= O(ǫ) (2d)
The terms of O(ǫ) and O(ǫ2Re) are perturbation terms in the framework of a perturbation
method, and the leading order form can be obtained by neglecting all higher order terms.
In this paper, only the terms explicitly expressed in the equations (2a)-(2d) are retained
to study the leading order physics. These leading order terms are transformed back to the
dimensional forms for deriving a dimensional governing equation.
The boundary conditions to solve (2a)-(2d) are no slip and no permeation conditions on
solid substrate
u = v = w = 0 |n=0 (3)
the continuous conditions of normal and shear stress at the free surface of liquid film
p = ps +O(ǫ) = −σκ +O(ǫ) ≈ −σ(− 1
R
+
1
R2
h+
1
R2
∂2h
∂θ2
+
∂2h
∂z2
) +O(ǫ) |n=h (4a)
µ
∂u
∂n
+O(ǫ) = 0, µ
∂v
∂n
+O(ǫ) = 0 |n=h (4b)
and the kinematic condition which holds the movement of the free surface
w =
∂h
∂t
+
u
R
∂h
∂θ
+ v
∂h
∂z
+O(ǫ) |n=h (5)
where h(θ, z, t) is the local thickness of liquid film. The Young-Laplace pressure ps is ex-
pressed in (4a), and the mean curvature of free surface κ on the right side is approximated
by the summation of the mean curvature of cylindrical surface and the first order terms
including h and its derivatives introduced by additional film thickness21. Note that the
length scale to measure the Young-Laplace pressure is different from length scale L in (1b).
A so-called capillary length which is derived by assuming the surface tension to be in equi-
librium with the dominant driven force is often used to estimate the order of Young-Laplace
pressure. In next section, we will show that the leading order physics may become singular
in a special region if the surface tension is neglected, and the Young-Laplace pressure serves
to smooth out singularities in the leading-order solution. Thus they are considered having
a leading-order effect in the regions where the capillary length is much less than the global
length scale L (the long wave assumption holds because the capillary length is still greater
than the global thickness scale H).
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The azimuthal velocity u and axial velocity v can be determined by integrating (2a) and
(2b) across the film thickness subject to (3) and (4b), the difference of radial velocity w be-
tween solid substrate and free surface is obtained by integrating the continuity equation (2d)
along the normal direction. The final equation governing h(θ, z, t) is derived by substituting
w in (3) and (5) into the integration of (2d)
∂h
∂t
+
1
R
∂
∂θ
[
h3
3µ
(− 1
R
∂ps
∂θ
+ ρg sin θ)] +
∂
∂z
[
h3
3µ
(−∂ps
∂z
)] = 0 (6)
The governing equation (6) can be nondimensionalized using the following scales
h = Hh∗, t =
3µR
ρgH2
t∗, p = ρgRp∗ (7a)
z = Rz∗ (7b)
Then, the dimensionless form is obtained as
∂h∗
∂t∗
+
∂
∂θ
[h∗3(−∂p
∗
s
∂θ
+ sin θ)] +
∂
∂z∗
(−h∗3∂p
∗
s
∂z∗
) = 0 (8a)
p∗s = −
1
Bo
(h∗ +
∂2h∗
∂θ2
+
∂2h∗
∂z∗2
) (8b)
where the Bond number Bo is
Bo =
ρgR3
σH
(9)
This dimensionless number is determined by density and surface tension of the liquid, gravity
acceleration, radius of the cylinder and thickness scale of the liquid film. Note that the
constant term in (4a) which represents the mean curvature of the cylindrical surface is
neglected in the dimensionless equation (8b) because the derivatives of constant curvature
on cylindrical surface are zero in (6) and (8a).
B. Governing equation on spherical surface
The theoretical formulation of coating flow on spherical surface is analogous to the prob-
lem on cylindrical surface, if the standard spherical coordinates are used instead of cylindrical
coordinates. Consider the gravity driven flow of a Newtonian liquid film with the same prop-
erties on a spherical substrate of radius R. The polar angle θ, azimuthal angle φ and normal
distance n = r − R are introduced near the spherical surface. The sketch of the spherical
substrate and the liquid film are shown in Fig. 1(b). The same scales expressed in (1a)
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and (1b) are used to nondimensionalize the hydrodynamic equations in spherical coordinate
system, and the simplified Stokes equations system can be extracted from the leading order
µ
∂2u
∂n2
=
1
R
∂p
∂θ
− ρg sin θ +O(ǫ, ǫ2Re) (10a)
µ
∂2v
∂n2
=
1
R sin θ
∂p
∂φ
+O(ǫ, ǫ2Re) (10b)
∂p
∂n
= O(ǫ, ǫ3Re) (10c)
1
R sin θ
∂
∂θ
(sin θu) +
1
R sin θ
∂v
∂φ
+
∂w
∂n
= O(ǫ) (10d)
The boundary conditions for (10a)-(10d) are identical to that in cylindrical problem, except
the expression of the Young-Laplace pressure
ps = −σκ ≈ −σ(− 2
R
+
2
R2
h+
1
R2 tan θ
∂h
∂θ
+
1
R2
∂2h
∂θ2
+
1
R2 sin2 θ
∂2h
∂φ2
) (11)
and the kinematic condition
w =
∂h
∂t
+
u
R
∂h
∂θ
+
v
R sin θ
∂h
∂φ
+O(ǫ) |n=h (12)
at the free surface around the sphere.
Finally the governing equation for local film thickness on spherical surface is
∂h
∂t
+
1
R sin θ
∂
∂θ
[sin θ
h3
3µ
(− 1
R
∂ps
∂θ
+ ρg sin θ)] +
1
R sin θ
∂
∂φ
[
h3
3µ
(− 1
R sin θ
∂ps
∂φ
)] = 0 (13)
Using the scales described in (7a), the dimensionless form is
∂h∗
∂t∗
+
1
sin θ
∂
∂θ
[sin θh∗3(−∂p
∗
s
∂θ
+ sin θ)] +
1
sin θ
∂
∂φ
(− h
∗3
sin θ
∂p∗s
∂φ
) = 0 (14a)
p∗s = −
1
Bo
(2h∗ +
1
tan θ
∂h∗
∂θ
+
∂2h∗
∂θ2
+
1
sin2 θ
∂2h∗
∂φ2
) (14b)
The definition of Bond number Bo is identical to that expressed in (9). According to the
expression of Bo, for the liquid films which have the same physical property, the high Bond
number represents thinner film flow on larger sized solid surface, and conversely the low
Bond number represents thicker film flow on smaller sized surface.
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C. Two-dimensional flow on cylinder and axisymmetric flow on sphere
Now let us focus on a special case of coating flow on cylindrical surface. A condition of
∂h
∂z
= 0 is assumed to describe uniform distribution along axial direction. This condition
represents a two-dimensional flow on the cylinder and the governing equations (8a) and (8b)
can degenerate into a two-dimensional form
∂h
∂t
+
∂
∂θ
{h3[ 1
Bo
∂
∂θ
(h +
∂2h
∂θ2
) + sin θ]} = 0 (15)
The asterisk signs are neglected hereinafter. The two-dimensional case can be realized
by setting an appropriate initial condition for (8a). Consider an initial liquid film of flat
dimensionless thickness hi = 1 (the initial film thickness is used as the thickness scale H),
is located at the top of the cylinder where the absolute value of azimuthal angle θ is less
than a preset value θi. Because the range of azimuthal angle θ is from 0 to 2π, to achieve
more simplification, assume that the distribution of initial film is symmetrical about the
vertical plane, so that we can only study a semicircle region of 0 ≤ θ ≤ π. A precursor film
of dimensionless thickness b is assumed ahead of the uniform film to overcome the contact
line singularity. The whole surface is prewetted by the precursor film and the precursor
thickness is presented as a part of initial condition, mathematically, it is
hi(θ) = 1 0 ≤ θ ≤ θi
hi(θ) = b θi < θ ≤ π
(16)
The perturbation method may be invalid at θi because of the discontinuousness. A contin-
uous initial profile can be used to approximate (16)
hi(θ) =
1 + b
2
− 1− b
2
tanh[a(θ − θi)] 0 ≤ θ ≤ π (17)
where tanh(x) represents a hyperbolic tangent function, a is a coefficient for controlling the
width of transition zone. The boundary conditions of (15) are
hθ, hθθθ = 0 |θ=0,pi (18)
in which the subscripts represent derivatives. It implies that the flux into the flow domain is
zero and the fluid volume can keep constant. The length scale of initial film can be expressed
as L = Rθi, thus θi has a lower limit due to the request of the perturbation method
ǫ = H/L≪ 1⇒ θi ≫ H/R (19)
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For coating flow on spherical surface, a similar constraint condition ∂h
∂φ
= 0 can be used
to simplify governing equation (14a) and (14b) to an axisymmetric form
∂h
∂t
+
1
sin θ
∂
∂θ
{sin θh3[ 1
Bo
∂
∂θ
(2h+
1
tan θ
∂h
∂θ
+
∂2h
∂θ2
) + sin θ]} = 0 (20)
It represents an axisymmetric flow on the sphere. The initial conditions and boundary
conditions of (20) are identical to (16), (17) and (18). The main difference is that the range
of polar angle θ is natively from 0 to π, and the additional symmetric plane is not necessary
for spherical problem. The evolution equations (15) and (20) are the focus of this paper.
D. The wetting model
The wetting process commonly exists in the coating flow problems. There are three
cases in the region near the contact line: a prewetting case, a complete wetting case and a
partial wetting case4. For prewetting cases, there is not a physically real contact line (the
whole solid surface is prewetted by a macroscopic liquid layer), and the contact area can be
defined using the region where the bulk liquid meets the prewetted layer. If the solid surface
is sufficiently dry in the region where the coating liquid has not arrived, the contact angle at
the contact line may be zero or finite (depend on the particular liquid-solid material system),
corresponding to complete or partial wetting cases. The film thickness near contact line
may be microscopic (at the nanoscale) in complete or partial wetting cases. To approximate
the combined microscopic intermolecular forces, a disjoining pressure model introduced by
Frumkin and Derjaguin23 relates observed equilibrium contact angles to the intermolecular
forces that become important for liquid films of submicroscopic dimensions in partial wetting
cases. The energy density associated with the disjoining pressure Π is minimized when the
film thickness assumes a very small value. A computationally convenient model function is
Π = B[(
hmin
h
)n − (hmin
h
)m] (21)
where the exponents n and m are positive constants with n > m > 1. The constant B is
positive and has the dimension of pressure. The first term in (21) represents liquid-solid
repulsion while the second term is attractive, leading to a stable film thickness at hmin. This
stable film is assumed on the whole solid surface, which can be considered as a precursor
film and is compatible with the precursor condition. In the lubrication limit where the
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equilibrium contact angles θe is small, the force balance is used to evaluate the constant B
24
B =
(n− 1)(m− 1)
2hmin(n−m) σθ
2
e (22)
As a result, Π is characterized by hmin, θe, m, and n only. B has nonzero value only in partial
wetting cases, because the equilibrium contact angles θe is zero in complete wetting cases.
Unlike Young-Laplace pressure, the value of disjoining pressure at any location depends only
on h. Π is zero when h = hmin and becomes vanishingly small for h≫ hmin. Gradients of Π
drive liquid motion but the effect is only important in the immediate vicinity of apparent
contact lines.
Since the disjoining pressure is assumed to depend on the local interfacial separation
only, with no slope and curvature contributions, the validity of expressions (21) and (22)
also requires the small free-surface slope and substrate curvature approximation. The for-
mula of disjoining pressure is independent on the type of curved substrate. In the present
formulation, disjoining pressure is an additional interfacial effect that may be thought of as
a modification to the Young-Laplace pressure
pt = ps − Π (23)
where pt is the total interfacial pressure. The governing equations on cylindrical and spherical
surface can be modified after replacing ps by pt in boundary condition (4a). The dimension-
less form of disjoining pressure is
Π∗ =
1
ǫ2Bo
(n− 1)(m− 1)
2b(n−m) θ
2
e [(
b
h∗
)n − ( b
h∗
)m] (24)
where ǫ = H/R is the aspect ratio if the radius R is used as the length scale, b = hmin/H is
dimensionless thickness of the stable film which can be considered as dimensionless precursor
thickness described previously. The evolution equations become
∂h
∂t
+
∂
∂θ
{h3[ 1
Bo
∂
∂θ
(h+
∂2h
∂θ2
+Πd) + sin θ]} = 0 (25)
for cylinder, and
∂h
∂t
+
1
sin θ
∂
∂θ
{sin θh3[ 1
Bo
∂
∂θ
(2h+
1
tan θ
∂h
∂θ
+
∂2h
∂θ2
+Πd) + sin θ]} = 0 (26)
for sphere, respectively, where Πd is
Πd =
1
ǫ2
(n− 1)(m− 1)
2b(n−m) θ
2
e [(
b
h
)n − ( b
h
)m] (27)
which can be derived from (24).
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III. ASYMPTOTIC THEORY FOR HIGH BOND NUMBER FLOW
Because the Bond number Bo is a unique dimensionless number in two-dimensional equa-
tion (15) and axisymmetric equation (20), the free-surface profile may depend on Bo in dif-
ferent ways. The flow characteristics are distinguished by the value of Bond number. Under
high Bond number condition, the evolution may become a singular perturbation problem.
We use a method of matched asymptotic expansions to study the high Bond number limit
of (15) and (20). This method is firstly discussed by Moriarty, Schwartz, and Tuck 25 for
modeling unsteady spreading of a liquid film on a vertical plate with small surface tension.
A. Outer equation on cylindrical surface
If the Bond number is very large, i.e. Bo ≫ 1, then the terms including Bo−1 can be
neglected in an outer region where hθθθ ≪ Bo, and (15) is simplified to an outer form
∂h
∂t
+
∂
∂θ
(sin θh3) = 0 (28)
The quasi-linear form of (28) is
∂h
∂t
+ 3 sin θh2
∂h
∂θ
= − cos θh3 (29)
This first order PDE can be solved using the method of characteristics, but unfortunately
the analytical solutions can not be expressed using elementary functions due to the existence
of a first kind elliptic integral in solving process.
Even so, in a specific region where θ ≪ 1, sin θ ≈ θ ≈ 0 and cos θ ≈ 1, (29) can be
simplified further
∂h
∂t
= −h3 (30)
This equation is definitely valid in θ ≪ 1 region, moreover, in the region where θ < 1,
(30) can be considered as a leading order equation if the trigonometric coefficients in (29)
are expanded using Taylor series. The dimensional form of outer equation (28) was firstly
analyzed in Takagi and Huppert 22 and they derived a long-term similarity solution in small
θ region. Following their ideas, the general solution of dimensionless equation (30) can be
given directly using the characteristics method
h = [2t+
1
h2i (θ)
]−
1
2 (31)
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hi(θ) is the initial profile. We use uniform film with a precursor layer expressed in (16) as
initial condition, the solution is
h = (2t+ 1)−
1
2 θ ≤ θF(t) (32a)
h = (2t+
1
b2
)−
1
2 θ > θF(t) (32b)
θF is the location of moving front. Because the initial profile is independent on azimuthal
angle θ, according to (32a), the film may evolve with uniform thickness. The profile of (32a)
and (32b) is discontinuous at moving front, which can be considered as a shock wave due to
the hyperbolic type of the outer equation.
The front location θF can be determined by the conservation of fluid volume. If V is the
dimensionless volume of that portion of the initial film lying above the precursor layer, i.e.,
V =
∫ θi
0
(1− b)dθ = (1− b)θi
Then θF can be calculated by ∫ θF
0
(hF − bF)dθ = V (33a)
hF = (2t+ 1)
−
1
2 bF = (2t +
1
b2
)−
1
2 (33b)
so that
θF(t) =
V
hF − bF =
V
(2t+ 1)−
1
2 − (2t+ 1
b2
)−
1
2
(34)
The front speed can be evaluated by differentiation of (34)
θ˙F = θF
h3F − b3F
hF − bF = θF(h
2
F + hFbF + b
2
F) (35)
This quantity represents the propagation speed of the shock wave. Note that the precursor
layer thickness is decreasing with time according to (32b), however, in most cases the flux
in precursor layer thickness [O(b3F)] is much smaller than the flux in the bulk film [O(h
3
F)],
the value of bF(t) in (34) and (35) can be approximately the constant value of bF(0), viz. b.
Even though the above solutions are derived under the condition θ ≪ 1, the definitions of
θF, hF and bF are general on the whole upper cylinder if the solution of (28) is known. In
Appendix A, we will use the method of characteristics to derive an implicit form including
the introduction of elliptic integral, which can be considered as the exact outer solutions on
the whole upper cylinder.
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B. Outer equation on spherical surface
The evolution equation in the outer region on spherical surface can be simplified from
(20) by neglecting the Bo−1 terms
∂h
∂t
+
1
sin θ
∂
∂θ
(sin2 θh3) = 0 (36)
The quasi-linear form is
∂h
∂t
+ 3 sin θh2
∂h
∂θ
= −2 cos θh3 (37)
The only difference between outer equations on cylinder and sphere is twice the right term of
(29) in (37), which results in the appearance of a second kind elliptic integral of Weierstrass’s
form and makes the elementary expression of analytical solution impossible, as shown in
Appendix A.
Analogously, in the region of θ ≪ 1, the second term on the left side of (37) can be
neglected, the simplest form is
∂h
∂t
= −2h3 (38)
With the same initial profile, a shock wave solution can also be obtained
h =
1
2
(t+
1
4
)−
1
2 θ ≤ θF(t) (39a)
h =
1
2
(t+
1
4b2
)−
1
2 θ > θF(t) (39b)
At a given time, the solution profile on both sides of front location θF is uniform, which is
identical to the cylindrical problem.
The same volume conservation method can be used to determine θF. Note that the
formula to calculate the net volume V on spherical surface (eliminating the coefficient 2π)
is different from that on cylindrical surface∫ θF
0
(hF − bF) sin θdθ ≈
∫ θF
0
(hF − bF)θdθ = V (40)
Then θF is
θF(t) = (
2V
hF − bF )
1
2 = [
4V
(t+ 1
4
)−
1
2 − (t+ 1
4b2
)−
1
2
]
1
2 (41)
Due to the addition of a term sin θ in the net volume formula, the front location θF varies
like t1/4 at later time when the effect of initial condition can be neglected, which is different
from t1/2 in (34). But coincidently, the front speed is identical to that in cylindrical problem
θ˙F = θF(h
2
F + hFbF + b
2
F)
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The front speed θ˙F was obtained in the region θ ≪ 1, no matter on cylindrical or spherical
surface. Even though we can’t give the explicit solutions for (28) and (36) in the region of
θ ∼ 1, there is a general method to compute the front speed on the whole upper surface
using the values of θF, hF and bF. For cylindrical problem, according to (28), the net flux
across the front is sin θF(h
3
F − b3F), which must exactly balance the flux defined using the
front speed, θ˙F(hF − bF)
θ˙F = sin θF(h
2
F + hFbF + b
2
F) (42)
For spherical problem, according to (36), the net flux is sin2 θF(h
3
F − b3F), and from another
perspective, θ˙F sin θF(hF − bF), so that
θ˙F = sin θF(h
2
F + hFbF + b
2
F)
which is equivalent to the cylindrical problem. In the mathematical viewpoint, (42) belongs
to a Rankine-Hugoniot relation of a weak solution system, as pointed out by Howell 21 , which
describes the relationship between the states on both sides of a shock wave. This Rankine-
Hugoniot relation is mathematically consistent with the outer equations (36) and (36) and
the volume conservation formulae (33a) and (40).
C. Inner equations on cylindrical and spherical surfaces
In previous subsection, we found some similarities of outer solutions on cylindrical surface
and spherical surface, but the long-term evolution of these two kinds of shock waves is essen-
tially different (with different scaling law). In this subsection, we will simultaneously discuss
the evolution equations in the inner region for both cylindrical and spherical problems.
The outer solution is invalid near the moving front, because the profile of shock wave
is singular at θF. The steepening effects in the region near θF involve rapid and localized
increases in the free surface curvature, and will be vigorously resisted by surface tension.
In this inner region, high order derivatives included in surface tension terms are important.
We can evaluate the width of the inner region by assuming the highest order derivative in
(15) and (20) to be O(1) term, hθθθ ∼ Bo, so that, the width ∆θ ∼ Bo−1/3. The parameter
Bo−1/3 can be used as the length scale of inner region. For high Bond number flow, the
inner region is very small, and the outer region comprises most of the coating area of the
fluid. For low Bond number flow, the inner region is large and it may be difficult to define an
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outer region, the surface tension effect is important in the whole flow domain. The former
is focused on in present study.
For cylindrical problem, an inner coordinate system can be established using the trans-
formation
ξ = Bo
1
3 [θ − θF(t)] (43)
The inner coordinate ξ defines a stretched coordinate system moving with the front speed.
Using (43), the two-dimensional equation (15) can be transformed into the following
Bo−1/3
∂h
∂t
− θ˙F∂h
∂ξ
+
∂
∂ξ
[h3 sin(θF +Bo
−1/3ξ) + h3(Bo−2/3
∂h
∂ξ
+
∂3h
∂ξ3
)] = 0 (44)
Compared to the condition Bo≫ 1 in the outer region, a more strong condition Bo1/3 ≫ 1
is assumed in the inner region. To keep the leading order and neglect all O(Bo−1/3) and
O(Bo−2/3) terms, (44) can be simplified as
− θ˙F∂h
∂ξ
+
∂
∂ξ
(h3 sin θF + h
3∂
3h
∂ξ3
) = 0 (45)
For spherical problem, using the same transformation (43), the axisymmetric equation
(20) in the inner region becomes
Bo−1/3
∂h
∂t
− θ˙F∂h
∂ξ
+
1
sin(θF +Bo−1/3ξ)
∂
∂ξ
{h3 sin2(θF +Bo−1/3ξ)+
h3 sin(θF +Bo
−1/3ξ)[2Bo−2/3
∂h
∂ξ
+
Bo−1/3
∂
∂ξ
(
1
tan(θF +Bo−1/3ξ)
∂h
∂ξ
) +
∂3h
∂ξ3
]} = 0 (46)
By neglecting all O(Bo−1/3) and O(Bo−2/3) terms, a leading order equation is
−θ˙F∂h
∂ξ
+
∂
∂ξ
(h3 sin θF + h
3∂
3h
∂ξ3
) = 0
which is identical to the cylindrical problem (45) (the front speeds are equivalent as discussed
in last subsection). Note that the time derivative in (44) or (46) is O(Bo−1/3) term, only
space derivatives are contained in the leading order equations, thus quasi-steady solutions
can be expected for both cylindrical and spherical problems. It implies that when Bo1/3 ≫ 1,
an observer in the inner system moving with the front will not perceive any time evolution
of the capillary wave profile. The profile extends infinitely far downstream and upstream,
and appears essentially flat far away from the front.
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Because the leading order inner equations on cylindrical and spherical surface are equiv-
alent, now (45) can be used as a starting point to study the common characteristics of the
cylindrical and spherical problems. We can integrate (45) with respect to ξ
− θ˙Fh+ h3 sin θF + h3∂
3h
∂ξ3
= d (47)
The integration constant d can be given by matching the profile onto h → hF as ξ → −∞,
so that, d = h3F sin θF − θ˙FhF. Furthermore, if the film thickness h and inner coordinate ξ
are transformed using
h = hFh
′ (48a)
ξ =
h
1/3
F
sin1/3 θF
ξ′ (48b)
then by substituting d, (42), (48a) and (48b) into (47), the equation become
∂3h′
∂ξ′3
=
1 + δ + δ2
h′2
− δ + δ
2
h′3
− 1 (49)
where δ(t) = b/hF(t) is determined by the outer solution can be considered as a relative
precursor thickness, with the boundary conditions
h′ → 1 ξ′ → −∞ (50a)
h′ → δ ξ′ → +∞ (50b)
It can be written as a third order Ordinary Differential Equation (ODE) because time plays
a parametric role as δ(t) in (49). This boundary value problem is classic, firstly analyzed by
Tuck and Schwartz 26 elaborately, and subsequently cited by many previous literatures27,28.
These references focused on the general description of the inner structure for the draining or
coating flow problems on planar surface, but according to (44) and (46), in the inner region
the profiles on cylindrical and spherical surface can degenerate into the planar front when
Bo1/3 ≫ 1.
It is not a surprising result because the terms introduced by the curved substrate in (44)
and (46) are all of O(Bo−1/3) or O(Bo−2/3). The inner region is sufficiently small compared
to the outer region under large Bo condition. An observer in the inner region can not
perceive the arc geometry on cylindrical or spherical surface because sufficiently short arc
can be considered as a line segment. If we regard a cross-sectional circle on cylindrical
surface (or a longitude line on spherical surface) as a series of line segments with increasing
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inclined angles, then each line segment can represent an inner region. In this inner region,
the streamwise gravity component is a constant and the capillary ridge is analogous to the
inner profile on inclined plane with the same inclined angle. On the other hand, the effect
of the curved substrate can be introduced by deriving first order and second order inner
equations in the framework of the matched asymptotic expansions. They are higher order
corrections under high Bond number condition and the forms are dependent on the types of
the curved surface.
The complete relationship between the final inner coordinate ξ′ and original outer coor-
dinate θ can be obtained from (43) and (48b)
ξ′ =
sin1/3 θF
h
1/3
F
Bo1/3(θ − θF) (51)
Alternatively, if the width of inner region is expressed as R∆θ, (51) can be derived using
the well known capillary length27 on inclined plane to nondimensionalize R∆θ
l = hN(3Ca)
−1/3 (52)
where hN = hFH is the dimensional front thickness in the outer region, Ca = µU/σ =
ρg sinαh2N/3σ is capillary number, α is inclined angle. Thus, the following formula is ob-
tained as
∆ξ′ = R∆θ/l =
sin1/3 θF
h
1/3
F
(
ρgR3
σH
)1/3∆θ =
sin1/3 θF
h
1/3
F
Bo1/3∆θ
This derivation gives a direct connection between cylindrical (or spherical) and planar prob-
lem. The high Bond number condition implies the capillary length is much smaller than
the radius of cylinder or sphere, i.e., l ≪ R. Since the width of capillary ridge ∆ξ′ can be
obtained for a given δ(t) in (49), we can estimate the width of inner region via
∆θ =
h
1/3
F ∆ξ
′
sin1/3 θFBo1/3
(53)
According to (53), the width of capillary ridge is proportional to the cubic root of front
thickness hF, and inversely proportional to the cubic root of Bo and sine of front location
θF. Thus we obtain a 1/3-power law for the width of capillary ridge which is an analytic
expression derived from asymptotic theory. The asymptotic theory can be validated using
the width ratio between the inner region and the outer region
∆θ/θF =
h
1/3
F ∆ξ
′
θF sin
1/3 θFBo1/3
≪ 1 (54)
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This ratio decreases with time because of increasing θF and decreasing hF. For a given Bo,
if the front location θF is small (mostly arise at initial time), the ratio may approach or even
be greater than 1, then the asymptotic theory may be invalid. But as time increases the
asymptotic theory may become leading order valid. On the other hand, if the asymptotic
theory is expected to be valid from the initial time, i.e., ∆θ/θi ≪ 1 ⇒ ∆ξ′θi sin1/3 θiBo1/3 ≪ 1,
under the condition θi ≪ 1 the initial polar angle θi should satisfy
θi ≫ ∆ξ′3/4Bo−1/4 (55)
Compared to condition (19), this is an additional constraint condition for initial film extent.
D. Composite capillary wave
A quasi-steady solution h′[ξ′, δ(t)] in the inner region is obtained for each choice of the
one-parameter δ(t). This inner solution can be rewritten in outer coordinates using the
transformation (51), so that
hinner = hFh
′[
sin1/3 θF
h
1/3
F
Bo1/3(θ − θF), b/hF] = hFh′(θ, t)
In a typical matched asymptotic expansions method, if we have obtained both the outer and
inner solutions in leading order, the leading order composite solution over the entire flow
domain can be constructed using a multiplicative composite expansion29
hcomp = houterhinner/hinter (56)
hinter is the intermediate solution that is common to both of the outer and inner regions.
Upstream of the moving front, where θ ≤ θF, hinter = hF, and houter is the solution of (28)
or (36). Downstream of the front, where θ > θF, the common value between the inner and
outer solutions is the precursor layer thickness, so that hinter is equal to b. The composite
solution is then
hcomp = houter(θ)h
′(θ, t) θ ≤ θF
hcomp = hFh
′(θ, t) θ > θF
(57)
The continuity of composite solution can be guaranteed using this constructed method.
Note that (49) is translational invariance in the ξ′ direction, because ξ′ is not included explic-
itly on the right side of (49) and the boundaries are located infinitely far. h′[ξ′ +∆ξ′, δ(t)]
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is also a solution for this boundary value problem. The free translational parameter ∆ξ′ can
be determined by volume conservation if the profile of composite solution is given
∫ pi
0
(hcomp − b)dθ = V
for cylinder and ∫ pi
0
(hcomp − b) sin θdθ = V
for sphere. This constructed method can be used on both cylindrical and spherical surfaces
to obtain a composite capillary wave.
E. Addition of disjoining pressure
The asymptotic theory discussed previously should be modified intuitively if the disjoining
pressure term is added in evolution equations. Starting from (25) and (26), because in the
outer region the film thickness h≫ b, like the surface tension terms, the disjoining pressure
can be neglected in the outer region, and this term does not appear in the outer equations
on cylindrical and spherical surface. Now pay attention to the inner coordinate system
described in (43), for example, transform (25) in this inner coordinates
Bo−1/3
∂h
∂t
− θ˙F∂h
∂ξ
+
∂
∂ξ
[h3 sin(θF +Bo
−1/3ξ) + h3(Bo−2/3
∂h
∂ξ
+
∂3h
∂ξ3
+Bo−2/3
∂Πd
∂ξ
)] = 0 (58)
Note that
Bo−2/3Πd =
1
(Bo1/3ǫ)2
(n− 1)(m− 1)
2b(n−m) θ
2
e [(
b
h
)n − ( b
h
)m]
if we assume that Bo1/3ǫ ∼ 1, this term can be retained in the leading order inner equation
− θ˙Fh+ h3 sin θF + h3∂
3h
∂ξ3
+Bo−2/3
∂Πd
∂ξ
= d (59)
Using (48a) and (48b), the final form of inner equation is
∂3h′
∂ξ′3
=
1 + δ + δ2
h′2
− δ + δ
2
h′3
− 1− K
h′
[m(
δ
h′
)m − n( δ
h′
)n]
∂h′
∂ξ′
(60)
where the dimensionless contact angle parameter is
K =
1
(Bo1/3ǫ)2h
4/3
F sin
2/3 θF
(n− 1)(m− 1)θ2e
2δ(n−m) = (3Ca)
−2/3 (n− 1)(m− 1)θ2e
2δ(n−m) (61)
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Only the rightmost term which represents disjoining pressure is added compared to (49).
The same leading order inner equation on spherical surface can be obtained from the trans-
formation of (26). Equation (60) is identical to the two-dimensional steady-state ODE which
is derived by Eres, Schwartz, and Roy 30 for a gravity-driven draining film on a vertical plate,
in which a similar disjoining pressure model is used. Even though in partial wetting cases,
the inner equation on cylindrical and spherical surfaces can degenerate into a common form
which includes the disjoining pressure as additional terms.
As discussed in I, besides the outer and inner region, there is a third region existing at
the advancing contact line, in which the characteristic scaling is much smaller than the inner
region. The disjoining pressure is only operative in this contact region. Strictly speaking,
the asymptotic theory described above only makes the inner solution matching to the outer
solution, and an additional matched asymptotic expansion26 can be implemented between
the inner region and the contact region. But in present study, the inner region and the
contact region are merged into a complete inner region and modeled using a unified inner
equation.
IV. COMPUTATIONAL ISSUES
A. Numerical techniques for outer and inner equations
Even though there is a characteristics method to solve the outer equation (28) or (36)
analytically, the explicit expressions can not be written in elementary functions due to
the existence of elliptic integrals as discussed in IIIA and IIIB. Nevertheless, an implicit
form can be derived to calculate exact solutions of (28) or (36). The outer profile at a
given time can be modeled using some nonlinear implicit expressions which includes the
first kind (for cylindrical problem) or second kind (for spherical problem) incomplete elliptic
integral. These expressions can be considered as a system of independent nonlinear algebraic
equations and the Newton-Kantorovich’s method can be used to obtain numerical solutions.
The outer profile constructed using this numerical technique is exact because only local
errors are introduced by the iterative method and the high precision numerical solutions can
be guaranteed by controlling the residuals.
A classic shooting scheme26 is used to solve (49) (or (60) in partial wetting cases) and
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construct the inner solution. Numerical integration is performed using an adaptive fourth-
order Runge-Kutta solver. Initial conditions are generated from an asymptotic equation
valid far upstream where the uniform layer is only slightly perturbed, then the numerical
profile in the inner system is constructed. The detailed numerical methods for outer and
inner equations can be found in Appendix A.
B. Numerical techniques for two-dimensional and axisymmetric evolution
equations
It is useful to develop a numerical approach to solve the complete two-dimensional and
axisymmetric evolution equations (15) and (20) (or (25) and (26) in partial wetting cases),
because the asymptotic theory may be invalid in the condition of relatively small Bond
number. A time-marching finite difference method for typical parabolic PDE is used to
solve (15) and (20). The second order accuracy for both time and space can be achieved by
applying a central difference scheme for spatial discretization and a Crank-Nicolson scheme
for temporal discretization. The final expression forms a system of nonlinear algebraic
equations, which are solved using an iterative Newton-Kantorovich’s method.
When the Bond number is sufficiently large, the spatial scales in outer and inner region
are very different. In addition, the space step must be somewhat smaller than the precursor
thickness b, in dimensionless units, in order to maintain accuracy in the contact region where
the front of capillary wave meets the precursor layer. In complete or partial wetting cases,
the precursor thickness may be at the microscale or nanoscale, which requires the space step
in the contact region to be of the same order. To capture the profile near apparent contact
line and the effect of precursor thickness on the macroscopic capillary wave, the space step
should be adapted according to the local slope and curvature of the free-surface profile. An
effective r -adaptive method is used with this finite difference scheme to reduce the total
number of nodal points. We also have found that an adaptive time-stepping method can
increase computational efficiency observably where the time step is adjusted dynamically
using an explicit scheme based on a preset maximum permissible change of film thickness
between each time step. Thus both the space step and the time step in this numerical
marching method are adaptive. For more details, see Appendix B.
23
V. NUMERICAL SOLUTIONS AND DISCUSSION
A. Outer and inner solutions on cylindrical and spherical surfaces
In this subsection we focus on the prewetting and complete wetting cases in which the
disjoining pressure term in (60) is negligible (degenerate into (49)). The solutions of outer
equations (28) and (36) are obtained via the method of characteristics. (16) is used as the
initial profile for the following computational examples, the initial front location θi is set
to be equal to π/16. This initial condition will not be changed unless otherwise stated.
Corresponding to the outer solution at a certain time, the quasi-steady solutions of (49) in
the inner region are integrated using the shooting method.
Figure 2(a) shows the exact profiles of outer solutions on cylindrical surface depending on
time for the precursor layer thickness b = 0.001, the time is ranging from t = 4 to t = 10. A
discontinuous shock wave is formed at all stages as displayed in this figure. In the region far
away from the shock wave where θ is sufficiently small, the film thickness is approximately
uniform, which is in accord with the asymptotic solution (32a) given in IIIA. In the region
where θ is near O(1), it is worth our while to notice the monotonically increasing profiles
which do not fit (32a). Because asymptotic solution (32a) is derived in the region of θ ≪ 1,
it may be invalid in the region where θ ∼ 1. According to the coefficients in (28), the high
degree terms in the Taylor series of the trigonometric functions may play an important role
in θ ∼ 1 region. As the substitute for an analytical solution in this region, the exact solution
in Fig. 2(a) can show the outlook of outer profile on the whole upper cylinder. If the front
location θF ∼ 1, it is believed that the corresponding front thickness hF is slightly greater
than the value computed from (32a). The numerical profiles of the inner solutions integrated
from (49) for different time are shown in Fig. 2(b). The relative precursor thickness δ is
calculated using δ = b/hF, where b = 0.001, hF is obtained using the exact value in outer
profiles at corresponding time as shown in Fig. 2(a). A capillary ridge has been evolved near
the moving front. The surface curvature is large at the capillary ridge, which represents the
effect of the surface tension. Because δ is increasing with the decrease of front thickness as
time increases, we can see the peak of the capillary ridge and the maximum slope at the
moving front decreases with time. The inset in Fig. 2(b) shows the refined profiles near
apparent contact line, a primary minimum is typically observed in this contact region and
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FIG. 2. Numerical profiles of (a) outer solutions and (b) inner solutions on cylindrical surface
depending on time for the precursor thickness b = 0.001. The inset in (b) is the refined profile near
apparent contact line.
the length scale is very small compared to the width of capillary ridge when b = 0.001.
As a reference compared with the complete wetting case, the precursor layer condition
b = 0.01 can be used to study a prewetting case. To present the influence of a relatively thick
precursor layer on the bulk film thickness, Fig. 3(a) and 3(b) show the direct comparison
of the outer and inner solutions between b = 0.01 profile and b = 0.001 profile at t = 10.
The outer profile under condition b = 0.01 is similar to that under condition b = 0.001,
except that the front location is greater than that in b = 0.001 profile at the same time.
The upstream b = 0.001 profile coincide with the b = 0.01 profile, and is cut at a smaller
angular position by the shock wave. According to (42), the front speed is increasing with b,
which can be seen clearly in Fig. 3(a). The peak of the capillary ridge and maximum slope
at the moving front in the inner profile are the decreasing functions of b, which is presented
obviously in Fig. 2(b).
The numerical profiles of the outer solutions and corresponding inner solutions on spheri-
cal surface depending on time are shown in figures 4(a) and 4(b), respectively. The precursor
thickness is b = 0.001, and the time is ranging from t = 10/3 to t = 100/3. Even though
the mathematical kernel of the outer equation (36) is different from (28) according to Ap-
pendix A, the typical feature of outer profiles on spherical surface is similar to the outer
solutions on cylindrical surface (the profile in θ ≪ 1 region is approximately uniform, the
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FIG. 3. Comparison of (a) outer profiles and (b) inner profiles on cylindrical surface for different
precursor thickness b = 0.01 and b = 0.001. The moment is at t = 10.
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FIG. 4. Numerical profiles of (a) outer solutions and (b) inner solutions on spherical surface
depending on time for the precursor thickness b = 0.001.
profile in θ ∼ 1 region is monotonically increasing). But the front speed on spherical surface
is observably slower than that on cylindrical surface (spent nearly sixfold time to arrive at
the same angular position). Because the inner equation of spherical problem is identical to
cylindrical problem (see (49)), compared to the inner profiles shown in Fig. 2(b), the inner
solutions in Fig. 4(b) are just another parametric family with different values of parameter
δ, which also belong to the one-parameter solution set of (49).
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B. The spreading of the moving front
In high Bond number flow, the spreading speed of the moving front (front speed) can be
approximated by the propagation speed of the shock wave in the outer solution. The numer-
ical relationship between the shock wave location and time is constructed by recording the
front location which is calculated using the exact outer solution at a given time. Figure 5(a)
shows the log-log plot of the exact front location against time on the cylindrical surface for
the precursor layer thickness b = 0.01 and b = 0.001 respectively. The time is ranging from
t = 0.2 to t = 30 and transformed using the asymptotic formula (34) as the abscissa. The
asymptotic relationship between the front location θF and time t in θ ≪ 1 region can be
computed using (34). A straight line of y = x which represents the analytical reference is
also plotted. It is shown that the curves in small θ region agree well with the reference line,
and the transient front location θF scales like t
1/2, which accords with the long-term scaling
law in (34). In the θ ∼ 1 region where (34) may be invalid, the slopes of numerical curves
are slightly smaller than the reference line, which indicates a slower front speed due to the
monotonically increasing film thickness. The monotonically increasing variation of the outer
profile in θ ∼ 1 region can be seen more clearly in Fig. 5(b), which shows the log-log plots of
the exact front thickness against time for precursor thickness b = 0.01 and b = 0.001. The
solid line y = −0.5x is generated according to asymptotic solution (32a). As time increases,
the front thickness in both of the b = 0.01 case and b = 0.001 case deviates from (32a) ob-
viously. The front thickness in b = 0.01 case is slightly greater than that in b = 0.001 case,
because of the further front location where the b = 0.01 profile arrives. In fact, as discussed
in Appendix A (see (A3a)), the asymptotic solution (32a) is just a particular solution of
outer equation (28) at θ = 0. For b = 0.01 case, according to the outer solution at t = 30,
when the front location θF arrives near π/2, the front thickness hF is about 18% greater
than the film thickness at θ = 0.
Figure 6(a) shows the log-log plots of the exact front location against time recorded from
outer solutions on spherical surface. The precursor thickness is b = 0.01 and b = 0.001 and
the time is ranging from t = 5/3 to t = 1000/3. The time is scaled using the asymptotic
formula (41) as the abscissa. A straight line of y = 0.5x is also plotted as the reference
line. It seems that the numerical curves agree well with the reference line in all stages
(except that the curve of b = 0.001 case is slightly greater than the reference line at later
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FIG. 5. (a) Log-log plots of front location versus time captured from the outer profiles on cylindrical
surface. The precursor layer thickness is b = 0.01 and b = 0.001. The solid line y = x is generated
according to asymptotic formula (34) in top region. (b) Log-log plots of the front thickness versus
time for precursor thickness b = 0.01 and b = 0.001 on cylindrical surface. The solid line y = −0.5x
is generated according to asymptotic solution (32a).
time), and the transient front location θF scales like t
1/4, which accords with the long-term
scaling law in (41). But there are some coincidences in this comparison. Because the volume
formula (40) to calculate front location (41) assumes a linearly increasing θ on the whole
upper hemisphere, it is not exact and the actual coefficient sin θ in (40) is sub-linear. The
faster increasing θ results in a smaller front location which may cancel out the results of a
greater front location induced by the effect of uniform profile given in (39a). In fact there
are indeed more differences between the outer profile in θ ∼ 1 region and the asymptotic
solution in θ ≪ 1 region for spherical problem. Figure 6(b) shows the log-log plots of the
exact front thickness against time for precursor thickness b = 0.01 and b = 0.001. The solid
line y = −0.5x is plotted according to asymptotic solution (39a). The similar deviations
from the reference line for b = 0.01 case and b = 0.001 case are also observed in spherical
problem. In extreme situation, according to the outer solution at t = 1000/3 and b = 0.01,
when the front location θF arrives near π/2, the front thickness hF is about 27% greater
than the film thickness at θ = 0, which is more than that calculated in cylindrical problem
(18%).
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FIG. 6. (a) Log-log plots of front location versus time captured from the outer profiles on spherical
surface. The precursor layer thickness is b = 0.01 and b = 0.001. The solid line y = 0.5x is
generated according to asymptotic formula (41) in top region. (b) Log-log plots of front thickness
versus time for precursor thickness b = 0.01 and b = 0.001 on spherical surface. The solid line
y = −0.5x is generated according to asymptotic solution (39a)
C. Comparison between composite solutions and direct solutions
Because the Bond number Bo does not appear in the outer equations (28) or (36) and
leading order inner equation (49), the outer and inner profiles on both cylindrical and spher-
ical surfaces are not affected by the value of Bo directly. The action of Bo is revealed after
transforming the inner solution to the outer (original) space. In this subsection, we will use
the matched method (57) discussed in IIID to construct the numerical profiles of composite
solutions for different Bond number, which are the final descriptions of the complete capil-
lary wave in the framework of the asymptotic theory. For comparison purposes, the direct
numerical solutions of complete evolution equations (15) and (20) (direct solutions for short)
are also calculated by the adaptive numerical marching method given in Appendix B. These
numerical profiles can be used as powerful benchmarks to examine the validation of the
asymptotic theory. Since the Bond number of most computational examples implemented
here is a large number, we define a logarithmic Bond number logBo = lg(Bo) for convenience
of expression.
The composite solutions on cylindrical surface can be constructed by merging the outer
profiles shown in Fig. 2(a) and inner profiles shown in Fig. 2(b) for a given Bond number.
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Figure 7(a) shows the numerical profiles of these composite solutions for a typical large
Bond number Bo = 1 × 106, corresponding to a logarithmic Bond number logBo = 6.0,
and the precursor thickness is b = 0.001. The outer and inner profiles are merged into a
complete capillary wave in the whole flow domain. Under this Bond number, the width
of the inner region (where the composite curve is dominated by the inner profile) is not
large as shown in Fig. 7(a), and the basic assumption (54) for the asymptotic theory can be
satisfied. Figure 7(b) shows the typical profiles of direct solutions depending on time under
the conditions of logBo = 6.0 and b = 0.001. These profiles are obtained from the direct
numerical solutions of two-dimensional evolution equation (15), and the initial condition is
set using (17). The range of time are identical to that shown in Fig. 7(a). The capillary
ridge has been calculated directly from the evolution equation. It is apparent that the outer
and inner region in these complete profiles can be distinguished. The outer region is far
away from the capillary ridge where the free-surface derivative is small. The inner region
can be defined at the capillary ridge where the curvature is observable. The width ratio
between the inner and outer region is relatively large at early time, and decreasing as the
time increases, which had been proved in (54). The inset in Fig. 7(b) shows the refined
free-surface profile near apparent contact line at t = 6, which benefits from the adaptive
method for directly solving the evolution equation. A primary minimum displayed is similar
to that in inner profiles as shown in Fig. 2(b).
To study the effect of the Bond number on the composite profiles, the composite solutions
are constructed using different Bond number ranging from logBo = 5.0 to logBo = 8.0. Fig-
ure 8(a) shows the profiles of the composite solutions depending on Bo at t = 6. According
to (51), the smaller Bond number corresponds to wider inner region. It is clear in Fig. 8(a)
that the width of the capillary ridge (inner region) decrease with Bo, but the maximum
slope near the apparent contact line is an increasing function of Bo. As comparative refer-
ences, the typical profiles of complete capillary wave in the same Bond number range at the
same time as Fig. 8(a) are shown in Fig. 8(b). In these direct solutions, the width ratio be-
tween the inner and outer region is decreasing obviously as Bo increases, which convincingly
verifies the asymptotic condition 54.
One interesting question is that what is the difference between the free-surface profile
integrated from inner equation (49) and the profile calculated directly using evolution equa-
tion (15). This discrepancy as a function of Bo may represent an asymptotic behavior of
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FIG. 7. Numerical profiles of (a) composite solutions and (b) direct solutions on cylindrical surface
depending on time. The logarithmic Bond number is logBo = 6.0 and the precursor thickness is
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FIG. 8. Numerical profiles of (a) composite solutions and (b) direct solutions on cylindrical surface
depending on Bond number ranging from 105 to 108. The precursor thickness is b = 0.001 and the
time is at t = 6.
the capillary ridge, and may be important to study the effect of curved substrate on the
complete capillary wave. To describe the global features of the capillary ridge in the inner
region, we should define two important parameters - the width and the peak of the capillary
wave. We can use these two parameters to quantitatively describe both the inner solutions
of (49) and the direct solutions of (15). The peak of capillary wave can be defined using the
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primary maximum value in the inner solution or direct solution. The definition of the width
is more complicated, we can use a kind of angular difference to define the width of capillary
wave in the direct solution
∆θ = θpmin − θsmin
where θpmin is the angular position of primary minimum which is described in Fig. 7(b), and
θsmin is the angular position of secondary minimum which is always located behind the wave
peak. We can also use a difference of inner coordinates to define the width of capillary wave
in the inner solution
∆ξ′ = ξ′pmin − ξ′smin
where ξ′pmin and ξ
′
smin are the inner coordinates of the primary and secondary minimum
respectively, as shown in Fig. 3(b) . Figure 9 shows the distribution of data points which
represent the width of capillary wave under conditions of different Bond number and time.
Note that the ordinate is the width captured from the direct solutions. The abscissa is
( hF
sin θF
)1/3∆ξ′, where hF and θF are calculated from the corresponding outer solution, and ∆ξ
′
is the width captured from the inner solution. The reference lines are calculated according
to (53) and the slope of them is Bo−1/3. We can see that the CW (capillary wave) width
deviates from the reference line observably when logBo = 5.0 at early time (with greater
hF and smaller θF). These deviations are reduced at later time as the front thickness hF
decreases (front location θF increases). When logBo is greater than 6.0, the deviation from
the reference line is slight at all stage as shown in Fig. 9(a). The 1/3-power law (53) is
accurately recovered when logBo = 8.0. The distribution of the peak of capillary waves for
different Bond number and time is shown in Fig. 9(b). Note that the ordinate is the peak
captured from the direct solutions, and the two factors in abscissa hFh
′
max are calculated
according to (48a) from the corresponding outer and inner solution, respectively. The solid
line y = x is generated for reference. The CW peak deviate from the reference line observably
when logBo = 5.0, and present a non-trivial feature (distribute at both side of the reference
line) as the front thickness hF decreases. But as the Bond number increases, the asymptotic
behavior for the peak fits to the y = x line. When logBo = 8.0, the CW peak recorded from
direct solutions are almost identical to the corresponding value hFh
′
max calculated using the
asymptotic theory at all stages, as shown in Fig. 9(b).
Figure 10 shows profile comparisons between composite solutions and direct solutions at
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FIG. 9. The asymptotic behavior for (a) the width and (b) the peak of capillary waves on cylindrical
surface. The precursor thickness is b = 0.001, the range of logBo is from 5.0 to 8.0 and the range
of time is from t = 4 to t = 10. The suffix ‘num’ in the legend of (a) represents the data
points calculated from direct numerical solution, and the suffix ‘asym’ represents the reference
lines generated using the asymptotic theory.
time t = 6 as the Bond number increases from logBo = 5.0 to logBo = 8.0. The precursor
thickness is b = 0.001 in all examples. Under this precursor thickness, δ = b/hF in (49) is
equal to 0.0035 according to the corresponding front thickness at t = 6. The outer profile
obtained from (28) agrees well with the complete profiles in the outer region, as shown in
Fig. 10. In the inner region, the asymptotic behavior of capillary ridge is displayed. The
width and peak of capillary ridge in the composite profile is slightly different from that
in the complete profile when the Bond number is logBo = 5.0 and logBo = 6.0. As the
Bond number increases, the results show good agreement between the composite and direct
solutions. The inner profile in composite solution almost coincides with the capillary ridge
in direct solution when logBo = 8.0. The asymptotic behavior of local features is also clearly
demonstrated under high Bond number condition.
For spherical problem, we do not present the detailed profiles of composite solutions and
direct solutions depending on time and Bond number, because there are many similarities in
the CW profiles between cylindrical and spherical problem. We only present the asymptotic
behavior of the global features using the width and the peak of the capillary wave which have
the same definition as the cylindrical problem, as shown in Fig. 11(a) and 11(b). Similar
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FIG. 10. The profile comparisons between composite solutions and direct solutions on cylindrical
surface as the Bond number increases. The precursor thickness is b = 0.001 and the time is at
t = 6.
to the cylindrical problem, the discrete data points calculated from (20) finally fit to the
reference lines as the Bond number increases, which indicate the clear asymptotic behavior.
The main difference between Fig. 11 and Fig. 9 is that for spherical problem the width
and peak of the capillary waves deviate more observably from the asymptotic theory when
logBo = 5.0 and logBo = 6.0. There is much difference between the composite solution and
the direct solution at relatively low Bond number. It can be attributed to that there are
more first order O(Bo−1/3) terms in the complete inner equation for spherical problem (see
(46)) compared to the cylindrical problem (see (44)), which makes the leading order inner
profiles less accurate. As a contrast to the cylindrical problem, the comparison of profiles
between composite solutions and direct solutions on spherical surface at t = 10 is shown in
Fig. 12. It should be noted that the difference of the profile between the composite solution
and direct solution is more obvious than that in cylindrical problem when logBo = 5.0,
which accords with the behavior of the global features. The asymptotic tendency is finally
achieved when logBo is greater than 6.0. At logBo = 8.0, the good agreement of local
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FIG. 11. The asymptotic behavior for (a) the width and (b) the peak of capillary waves on spherical
surface. The precursor thickness is b = 0.001, the range of logBo is from 5.0 to 8.0 and the range
of time is from t = 10/3 to t = 100/3.
features between the composite and direct solutions is also obtained.
D. The capillary waves in partial wetting cases
Now we focus on the partial wetting cases in which the disjoining pressure is operative.
The evolution equations (25) and (26) are used as the starting points. We have known
that there is no disjoining pressure term in the outer equations for both the cylindrical and
spherical problems. The profiles of outer solutions are not affected by the addition of dis-
joining pressure. In the inner region, ODE (49) is replaced by ODE (60). A similar adaptive
shooting method which considers the disjoining pressure is also discussed in Appendix A.
For cylindrical problem, figure 13(a) shows the comparison between the inner profiles
which are integrated from ODE (49) (complete wetting case) and that integrated from ODE
(60) (partial wetting case). The relative precursor thickness δ = b/hF is calculated using the
front thickness hF in outer profiles at t = 6. Two precursor layer conditions b = 0.01 and
b = 0.001 are selected for comparative purpose, corresponding to δ = 0.035 and δ = 0.0035
respectively in ODE (49) and (60). The dimensionless contact angle parameter K in ODE
(60) is calculated using (61) with the parameters (n,m) = (3, 2), θe = 0.5, logBo = 6.0
and ǫ = 0.015. Thus the value of K is 19.57 for b = 0.01 case and 198.3 for b = 0.001
case, respectively. There are two main differences for the inner profiles between complete
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FIG. 12. The profile comparisons between composite solutions and direct solutions on spherical
surface as the Bond number increases. The precursor thickness is b = 0.001 and the time is at
t = 10.
wetting case and partial wetting case. First, the peak and maximum slope of the capillary
ridge in partial wetting case is greater than that in complete wetting case. It belongs to the
macroscopic effect of the disjoining pressure. Second, the primary minimum near apparent
contact line in δ = 0.0035d cases is slightly less than that in δ = 0.0035 cases, as shown in the
inset of Fig. 13(a), which is the microscopic effect of the disjoining pressure on the refined
structure in contact region. The corresponding direct solutions solved from (25) under the
conditions logBo = 6.0, t = 6 and b = 0.01 or b = 0.001 are shown in Fig. 13(b). The similar
differences like the inner profiles are observed in the inner region, except that the location of
the primary minimum in complete wetting case moves forward than that in partial wetting
case, clearly seen from the inset. Figure 14(a) and 14(b) show the asymptotic behavior of
the width and the peak of the capillary waves on cylindrical surface in partial wetting cases.
The parametric conditions are identical to that in Fig. 9 and the disjoining pressure is set
to the same value in Fig. 13. Compared to Fig. 9, the CW width and peak are slightly
greater than that in complete wetting case. Except for this main difference compared to
the complete wetting case, according to the distribution in Fig. 14, the global asymptotic
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FIG. 13. Comparison of (a) inner profiles and (b) complete profiles on cylindrical surface in
complete and partial wetting cases. The suffix ‘d’ in the legends denotes the disjoining pressure
is taken into calculation. The insets in (a) and (b) are the refined structure in contact region.
The conditions of precursor thickness are b = 0.01 and b = 0.001, and the Bond number in (b) is
logBo = 6.0 at t = 6. Other parameters are (n,m) = (3, 2), θe = 0.5 and ǫ = 0.015.
behavior is not affected by the addition of disjoining pressure. Under the same parametric
conditions (t = 6 and b = 0.001) refer to Fig. 10, the profiles of the capillary ridges in partial
wetting cases are also demonstrated as logBo increases from 5.0 to 8.0, as shown in Fig. 15.
The disjoining pressure does not affect local asymptotic behavior on cylindrical surface.
On spherical surface, the comparisons of the CW width and CW peak between the direct
numerical results and asymptotic lines are shown in Fig. 16(a) and 16(b) respectively. Com-
pared to the complete wetting cases as shown in Fig. 11, the differences of the CW width and
peak induced by disjoining pressure on spherical surface are more observable than that in
cylindrical problem (compare Fig. 14 with Fig. 9), which may be attributed to the common
greater value of K calculated in spherical problems. Figure 17 illustrates the asymptotic
tendency of the composite profiles under the parametric conditions t = 10 and b = 0.001
on spherical surface, logBo is ranging from 5.0 to 8.0 too. According to the plots shown in
Fig. 16 and Fig. 17, both of the global and local features of the capillary waves indicate that
the asymptotic theory in partial wetting cases is clearly validated for the spherical problem.
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FIG. 14. The asymptotic behavior for (a) the width and (b) the peak of capillary waves in partial
wetting cases on cylindrical surface. The precursor thickness is b = 0.001, the range of logBo is
from 5.0 to 8.0 and the range of time is from t = 4 to t = 10. The parameters of disjoining pressure
are (n,m) = (3, 2), θe = 0.5.
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FIG. 15. The asymptotic behavior under the effect of disjoining pressure on cylindrical surface.
The precursor thickness is b = 0.001 and the time is at t = 6. The parameters of disjoining pressure
are (n,m) = (3, 2), θe = 0.5.
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FIG. 16. The asymptotic behavior for (a) the width and (b) the peak of capillary waves in partial
wetting cases on spherical surface. The precursor thickness is b = 0.001, the range of logBo is
from 5.0 to 8.0 and the range of time is from t = 10/3 to t = 100/3. The parameters of disjoining
pressure are (n,m) = (3, 2), θe = 0.5.
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FIG. 17. The asymptotic behavior under the effect of disjoining pressure on spherical surface. The
precursor thickness is b = 0.001 and the time is at t = 10. The parameters of disjoining pressure
are (n,m) = (3, 2), θe = 0.5.
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VI. CONCLUDING REMARKS
The gravity driven coating flow featuring moving contact line on upper cylinder and hemi-
sphere is formulated using a regular perturbation method which is similar to the lubrication
theory for coating problem on inclined plane. The derived leading order governing equations
on cylindrical and spherical surfaces depend on one dimensionless Bond number Bo, which is
determined by the property of the fluid, gravity acceleration, radius of the cylinder or sphere
and initial film thickness. Due to the symmetries on cylindrical and spherical surfaces, the
governing equations can degenerate into more simplified forms to model two-dimensional
flow on cylinder and axisymmetric flow on sphere. With appropriate initial and boundary
conditions, a capillary wave solution may be solved from the simplified two-dimensional or
axisymmetric evolution equation. A precursor film condition is used to overcome the contact
line singularity. In prewetting cases, the precursor thickness is macroscopic. In complete
wetting cases, a microscopic precursor film is introduced on the uncoated solid surface. In
partial wetting cases, a disjoining pressure model which is compatible with the precursor
film is used to simulate the intermolecular forces near the apparent contact line. The effect
of disjoining pressure appears as additional terms in the evolution equations.
We emphasize the difference between the high Bond number flow and the low Bond
number flow. The high Bo coating flow is focused on in this paper which can be considered as
situations that relatively thinner liquid film flow on larger sized solid surface. An asymptotic
theory is elaborated to study the high Bo limit of the evolution equations. The method of
matched asymptotic expansions is used to derive the outer and inner equations in the outer
and the inner region, respectively. Two similar outer equations which only differ in one
coefficient are obtained on the cylindrical and spherical surfaces respectively. Because the
exact solutions of the primary outer equations may introduce elliptic integrals, we study
the leading order outer equations in a top region where the angular position is small. The
elementary function solutions can be derived in this small angle region, which can give some
analytical features such as the spatial distribution of the free-surface profile and the long-
term scaling law of the moving front location. As the most important deduction of this
asymptotic theory, the leading order inner equations on cylindrical surface and spherical
surface are identical, and the effect of curved substrate can be considered as higher order
corrections. It implies that the capillary waves on cylindrical surface and spherical surface
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may have inherent similarities in the inner region. A 1/3-power law is obtained for the width
of capillary ridge on both the cylindrical and spherical surfaces. The width is proportional
to the cubic root of front thickness, and inversely proportional to the cubic root of Bond
number and sine of front location. On the other hand, the peak of capillary ridge can be
calculated by multiplying the front thickness and the peak value of the inner solution. The
matched method for constructing a composite capillary wave in the whole flow domain is
given by combining the profiles in the outer region and inner region. The asymptotic theory
in partial wetting cases is also discussed. The disjoining pressure term will not appear in
the outer equations, but is added on the right side of the inner equation using a common
form for both the cylindrical and spherical problems.
Appropriate numerical methods are proposed for solving the outer equations, inner equa-
tions and the two-dimensional and axisymmetric evolution equations. The exact solutions
of the outer and inner equations are demonstrated. There are some common features be-
tween the outer solutions on cylindrical surface and that on spherical surface. The profile
is homogeneous at small angle region, but monotonically increases as the angle increases.
The long-term spreading can be described using different scaling laws so that the spreading
speed of the moving front is essentially different. In the inner system, the profiles of fluctu-
ant capillary ridge have similarity, which can be attributed to the identical inner equation in
the sense of leading order for both problems. The moving front speed can be approximated
using the propagation speed of the shock wave in the outer solutions. The exact front loca-
tion as a function of time accords with the long-term scaling laws at early time, but deviates
from the scaling laws obviously at later time, because the prerequisite of these scaling laws
is that the angular position should be sufficiently small. Using the matched method given
in the asymptotic theory, the composite profiles are constructed and compared to the direct
solutions of the evolution equations. The asymptotic behavior in the inner region is shown
via both the global and local features. Two parameters including the width and peak of
the capillary waves are introduced for describing the global features. The width and peak
in composite solutions are found to be closer to the direct solutions as the Bond number
increases. The local features are shown by profile comparisons between composite solutions
and direct solutions as Bo increases and the agreement of local profiles is also obtained
for high Bo cases. This asymptotic behavior is common for both cylindrical and spherical
problems and provides powerful numerical proofs for the asymptotic theory. The effect of
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disjoining pressure is demonstrated by comparing the inner profiles and complete profiles
in complete wetting case to that in partial wetting case. The global and local asymptotic
behavior on cylindrical and spherical surfaces is not affected by the addition of disjoining
pressure.
The asymptotic theory in present work provides a theoretical method to construct exact
capillary waves for high Bond number coating flow on cylinder and sphere (if the iterative
solution of a nonlinear algebraic equation and the numerical integration of an ODE can be
loosely called “exact” results). This theory can be extended to study the coating flow on
other two-dimensional or axisymmetric solid surface such as parabolic cylinder or spheroid.
The method of matched asymptotic expansions used here gives an idea to deal with high
Bond number coating flow on a general curved surface. The profile of capillary ridge on
inclined plane is universal for gravity driven capillary wave on arbitrary surface because a
sufficiently small inner region on curved surface can be regarded as a planar region. It is
believed that the asymptotic theory is invalid in a low Bond number flow (thicker film flow
down smaller sized surface), but the evolution equations still hold to the leading order. For
this kind of flow, the numerical approach is an effective way and the high resolution adaptive
method proposed here can be used to obtain numerical capillary waves. It may be the future
focus for the research of coating flow on curved surface. Moreover, as described in Sec. I,
the quantitative profile of the capillary wave is the basis for the study of fingering instability
on cylinder and sphere, which we will describe in a future paper.
Appendix A: Exact solutions for outer and inner equations
The exact solutions of the outer equations (28) and (36) can be obtained in implicit form
via the method of characteristics. For cylindrical problem, consider the curve of character-
istics
dθ
dt
= 3h2[θ(t), t] sin θ (A1)
Upon this curve (28) degenerates into an ordinary differential equation
dh
dt
= −h3 cos θ (A2)
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Equations (A1) and (A2) are solved subject to initial conditions θ(0) = θ0 and h(θ, 0) =
hi(θ), which leads to the following implicit form of the solution
h(θ, t) =


(2t+ 1
h2
i
(θ)
)−
1
2 (θ = θ0 = 0)
hi(θ0)(
sin θ0
sin θ
)
1
3 (0 < θ < π)
(A3a)
in which the first expression at θ = 0 is identical to the general solution (31) in small θ
region. The time dependence of the azimuthal angle is given implicitly as the solution of
W1(sin
2
3 θ)−W1(sin 23 θ0) = 3h2i (θ0)(sin θ0)
2
3 t
where W1(x) is the first kind elliptic integral of Weierstrass’s form. For convenience of
computation, the Weierstrass’s form should be transformed into the Legendre’s form31, the
above equation can be modified as (for 0 < θ ≤ π/2)
F [g(θ), sin(
5π
12
)]− F [g(θ0), sin(5π
12
)] + 2(3)
1
4h2i (θ0) sin
2
3 θ0t = 0 (A3b)
where
F (φ, k) =
∫ φ
0
dϑ√
1− k2 sin2 ϑ
(A3c)
is the first kind incomplete elliptic integral of Legendre’s form whose first argument is
g(ϑ) = arccos(
√
3− 1 + sin 23 ϑ√
3 + 1− sin 23 ϑ
) (A3d)
This form is identical to a large Bond number case shown in Reisfeld and Bankoff 32 , in
which an implicit solution for a liquid film flow on a horizontal cylinder is presented via
almost the same expression of the first kind incomplete elliptic integral, even though the
initial film considered there is assumed to be uniformly distributed on both the upper and
lower cylinder.
For a given time t and a given location θ, the parameter θ0 can be numerically solved
from nonlinear algebraic equation (A3b) using a Newton’s method, then the film thickness h
is calculated using (A3a). To construct a complete outer profile at a certain time, a number
of (A3b) with different values of θ and a same value of t constitute a system of independent
algebraic equations for obtaining the film thickness at different locations. Note that there is
no difficulty for the Newton’s method to solve (A3b), because the value of incomplete elliptic
integral can be evaluated using the standard subroutine in module of special functions and
the derivative is analytical. If the outer equation (28) is solved subject to initial condition
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(16), the value of parameter θ0 calculated from (A3b) may become multi-valued. It implies
that the characteristics lines may intersect due to the discontinuity in initial condition and a
shock wave may be formed. The location of shock wave (front location) θF can be determined
by volume conservation ∫ θF
0
[h1(θ, t)− hb(θ, t)]dθ = V (A4)
where the profiles h1 and hb are constructed via separately solving two systems of equations
(A3) by setting the initial function hi(θ0) = 1 and hi(θ0) = b, respectively. After the front
location is calculated, the front thickness hF is obtained as hF = h1(θF, t).
For spherical problem, a similar procedure of the method of characteristics can be applied.
Upon the curve of characteristics
dθ
dt
= 3h2[θ(t), t] sin θ (A5)
(36) reduces to the ordinary differential equation
dh
dt
= −2h3 cos θ (A6)
subject to initial conditions θ(0) = θ0 and h(θ, 0) = hi(θ). The solution can be also expressed
using an implicit form
h(θ, t) =


1
2
(t + 1
4h2
i
(θ)
)−
1
2 (θ = θ0 = 0)
hi(θ0)(
sin θ0
sin θ
)
2
3 (0 < θ < π)
(A7a)
where the first line is identical to the solution (39a) in small θ region when hi(0) = 1. The
parameter θ0 as a function of time can be integrated as an implicit form
W2(sin
2
3 θ)−W2(sin 23 θ0) = 3h2i (θ0)(sin θ0)
4
3 t
where W2(x) is the second kind elliptic integral of Weierstrass’s form. Note that the second
kind elliptic integral of Weierstrass’s form can be transformed into the summation of the
first kind elliptic integral of Legendre’s form, the second kind elliptic integral of Legendre’s
form and two elementary integrals which have analytical forms. The above equation can be
rewritten as (for 0 < θ ≤ π/2)
(
√
3− 1){F [g(θ), sin(5π
12
)]− F [g(θ0), sin(5π
12
)]} − 2
√
3{E[g(θ), sin(5π
12
)]−
E[g(θ0), sin(
5π
12
)]}+ 2
√
3{D[g(θ)]−D[g(θ0)]} − 2(3) 14h2i (θ0) sin
4
3 θ0t = 0 (A7b)
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where
E(φ, k) =
∫ φ
0
√
1− k2 sin2 ϑdϑ (A7c)
is the second kind incomplete elliptic integral of Legendre’s form whose first argument is
identical to (A3d) and
D(φ) =
(1− cosφ)
√
1− k2 sin2 φ
sinφ
(A7d)
is an elementary function. The Newton’s method to solve nonlinear algebraic equation (A7b)
and the numerical technique to construct the outer profile is analogous to that in cylindrical
problem except that the volume formula for calculating the front location θF is different
∫ θF
0
[h1(θ, t)− hb(θ, t)] sin θdθ = V (A8)
where the profiles h1 and hb are constructed by setting the initial function hi(θ0) = 1 and
hi(θ0) = b, respectively.
The boundary value problem in the inner region can be solved using a classic shooting
method for a given δ26. The third order ODE (49) can be re-written as three first order
ODEs, and the initial values should be set at a certain point. Because the boundary value
of (49) is located at infinitely far, an asymptotic equation valid far upstream should be used
to set the initial conditions. When ξ′ → −∞, the uniform layer is only slightly perturbed
h′ → 1 + g′
The linear ODE for perturbation g′ is derived from the degeneration of (49)
d3g′
dξ′3
+ (2− δ − δ2)g′ = 0 (A9)
The characteristic equation of (A9) is
q3 + 2− δ − δ2 = 0 (A10)
Thus the upstream limiting solution of (49) is
h′ → 1 + aebξ′ cos(cξ′) (A11)
where a is an arbitrary parameter, and b and c are the real and imaginary parts of a
conjugate complex root q of the characteristic equation (A10). The initial values of the first
order ODEs h′, h′ξ′, and h
′
ξ′ξ′ can be calculated using limiting solution (A11) at a sufficiently
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far location upstream. Then this initial value problem is solved using a fourth-order Runge-
Kutta method. The parameter a is a free parameter in the shooting process and can vary
until the downstream condition h′ → δ is satisfied to high accuracy. Finally the inner profiles
can be numerically integrated. The integration step of the Runge-Kutta method should be
adaptive because the profile in the inner region and contact region varies sharply, especially
for the small δ case. The integration step can be adapted according to the local values of
the first order and second order derivatives of the numerical profile. An alternative adaptive
function can be expressed as
∆ξ′ =
∆ξ′0√
1 + αh2ξ′ + βh
2
ξ′ξ′
(A12)
Where ∆ξ′0 is the uniform integration step, α and β are two adjusting factors.
The ODE (60) which includes the disjoining pressure terms can be solved using the similar
shooting method described to solve ODE (49). But the characteristic equation of the linear
ODE which is valid at far upstream is
q3 +K(mδm − nδn)q + 2− δ − δ2 = 0 (A13)
Except that, the shooting steps are identical to that for solving (49).
Appendix B: Numerical schemes for evolution equations
The conservation form of two-dimensional evolution equation (15) is
∂h
∂t
+
∂Q
∂θ
= 0 (B1a)
Q = h3(−∂p
∂θ
+ sin θ) (B1b)
p = − 1
Bo
(h+
∂2h
∂θ2
) (B1c)
To overcome the numerical limitation of an explicit scheme, we use a semi-implicit Crank-
Nicolson scheme to discretize (B1a), (B1b) and (B1c)
hk+1i − hki
∆t
+
1
2
1
∆θ
(Qk+1i+1/2 −Qk+1i−1/2) +
1
2
1
∆θ
(Qki+1/2 −Qki−1/2) = 0 (B2a)
Qk+1i+1/2 = [0.5(h
k+1
i + h
k+1
i+1 )]
3(−p
k+1
i+1 − pk+1i
∆θ
+ sin θi+1/2) (B2b)
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pk+1i = −
1
Bo
(hk+1i +
hk+1i+1 + h
k+1
i−1 − 2hk+1i
∆θ2
) (B2c)
The second order derivative of h in (B1c) is calculated by the typical central difference
scheme shown in (B2c). For a given Bond number Bo, a system of quartic equations for the
film thickness hk+1i at the next time step is constructed by substituting (B2b) and (B2c) into
(B2a). We use an iterative Newton-Kantorovich’s method to solve the nonlinear equations.
For axisymmetric evolution equation (20), the conservation form is
∂h
∂t
+
1
sin θ
∂
∂θ
(sin θQ) = 0 (B3a)
Q = h3(−∂p
∂θ
+ sin θ) (B3b)
p = − 1
Bo
(2h+
1
tan θ
∂h
∂θ
+
∂2h
∂θ2
) (B3c)
A similar Crank-Nicolson scheme is used for (B3a), (B3b) and (B3c), the difference is that
the sinusoidal coefficient in (B3a) and the additional first order derivative of h in (B3c)
which can be discretized using the central difference scheme. For evolution equations (25)
and (26) including the disjoining pressure terms, because the derivatives of h do not appear
in the disjoining pressure equation (27), the discrete form can be written directly
Πd
k
i =
1
ǫ2
(n− 1)(m− 1)
2b(n−m) θ
2
e [(
b
hki
)n − ( b
hki
)m] (B4)
The time spent by this numerical scheme may increase observably with the total number
of nodal points in the solved region because of the iterative process at each time step. A
common r -adaptive method is to use the adaptive function like (A12) according to the
derivative and curvature of the free-surface profile to redistribute the nodes in the whole
domain, then to smooth the relocated nodes for avoiding the extra errors from uneven nodal
distribution introduced by the previous adaptive step. But this smoothing process may be
insufficient to eliminate the extra errors in the problems considered here because the sharp
fluctuation in the inner region and contact region may result in large gradient of the grid size
which may not be smoothed effectively. We can use some priori knowledge of the capillary
wave profile to design a simple and appropriate r -adaptive method. Because under high
Bond number condition the capillary ridge is located in a small region near the apparent
contact line, a smooth hyperbolic tangent distribute function can be used to relocate the
nodes
s(i) = 1 +
tanh(α
2
i−N
N−1
)
tanh(α/2)
(B5)
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where i is the grid index, N is the total number of the nodal points. The factor α should
be calculated using the first grid spacing at a starting point (i = 1), and this spacing is
set sufficiently small to capture the refined structure near apparent contact line. The [0, π]
domain is split into two segments with a common starting point. The location of the starting
point should be specified to implement the distribute function (B5) for each segment. It can
be selected using the point which has the maximum rate of change in the whole free-surface
profile. A function like the denominator on the right side of (A12) can be used as a criterion
to calculate the change rate at a given location
f(θ) =
√
1 + αh2θ + βh
2
θθ (B6)
The time step ∆t can be also adapted according to a formula
∆t =
∆hmax
abs(Qθ)max
(B7)
where ∆hmax is a preset maximum permissible change of film thickness between each time
step, Qθ is the net flow flux calculated from an explicit scheme which uses the film thickness
at current time step.
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